Nucleon axial couplings and [(|,0) © (0, i)]— [(1, |) © (|, 1)] chiral multiplet mixing 
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Three-quark nucleon interpolating fields in QCD have well-defined SUl{'2) x SUr{2) and Ua{1) 
chiral transformation properties. Mixing of the [(1, i) © 1)] chiral multiplet with one of [(i, 0) © 

(0, |)] or [(0, |) ffi (|, 0)] representation can be used to fit the isovector axial coupling g^^^ and thus 

predict the isoscalar axial coupling g^^^ of the nucleon, in reasonable agreement with experiment. 
We also use a chiral meson-baryon interaction to calculate the masses and one-pion-interaction terms 
of J = ^ baryons belonging to the [(0, |) © (|, 0)] and [(1, ^) © 1)] chiral multiplets and fit two 
of the diagonalized masses to the lowest-lying nucleon resonances thus predicting the third J = ^ 
resonance at 2030 MeV, not far from the (one-star PDG) state A(2150). 



PACS numbers: 11.40.Ha, 14.20.-c, 13.30.Co, 12.39.Ki, 12.39.Fe 



Oh 
I 

Oh 

CD 



> 
m 

On 
O 



X 



Introduction Chiral symmetry, as one of the symme- 
tries of QCD, is a key property of the strong interactions. 
When the chiral SUl{'2) x SUr{2) symmetry is sponta- 
neously broken to SUv{2), the broken chiral symmetry 
plays a dynamical role in the low energy theorems among 
the Nambu-Goldstone bosons, i.e. the pions. Hadrons 
are then classified according to the residual symmetry 
SUv{2). 

Almost 40 years ago Weinberg [l] proposed a sce- 
nario where the consideration of the full chiral symme- 
try group makes sense in the broken symmetry phase. 
There hadron states are represented by the representa- 
tions of the chiral symmetry group but with representa- 
tion mixing. In general such mixing is complicated in 
the broken symmetry phase, but if it can be described 
by a few parameters, it may have predictive power. For 
instance, the nucleon's isovector axial coupling constant 
is determined by its chiral representation P, Q . Wein- 
berg then considered the mixing of [(^,0) ® (0, ^)] and 
[(1, ^) ® (5, 1)] as an explanation of the nucleon's isovec- 
tor axial coupling constant 5^^^ = 1.23j_its value at the 
time (the present value being 1.267) Once vari- 

ous chiral representations are included, they also have 
relevance to the physics of excited states as well as the 
ground state. Weinberg's idea predated QCD and did 
not even invoke the existence of quarks, but it may still 
be viable in QCD. Indeed, this idea was revived in the 
early 1990's, since when it has been known by the name 
of mended symmetry [2]. Related development was also 
made where a particular representation so called mirror 
representation [(0, i) © (5,0)] was introduced and phys- 



ical relevance was discussed [1, Q • 

The nucleon also has an isoscalar axial coupling g^^\ 
which has been estimated from spin-polarized lepton- 
nucleon DIS data as g^"* = 0.28 ± 0.16 fs^, or the more 
recent value 0.33 ± 0.03 ± 0.05 0. The question is if the 
same chiral mixing angles can also explain the anoma- 
lously low value of this coupling? The answer manifestly 
depends on the J7a(1) chiral transformation properties of 
the admixed nucleon fields. 

In this Letter we address these question about axial 
couplings and some other properties of baryon excited 
states using the SUl{2) x SUji{2) and ?7a(1) chiral trans- 
formation properties of nucleon interpolating fields 0, 0] 
as derived from the three-quark nucleon interpolating 
fields in QCD. Here we use the properties of the nucleon 
fields as a guide for those of the corresponding states. If 
the answer to our question turns out in the positive, we 
may speak about Weinberg's idea being viable in QCD. 
To test the present idea, we also investigate an extended 
linear sigma model containing baryon resonances, where 
we evaluate the axial couplings using baryon masses as 
input. 

Basic facts and assumptions Let us start our discus- 
sion by writing down the following three-quark nucleon 
interpolating fields: 



A^i = £abciqaqb)qc, 

N2 = f-abc{qal^qb)l^qc. 



(1) 

(2) 
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Here we have introduced the "tilde-transposed" quark 
field q a,s q ~ q^ C^c^{iT2), where C = «727o is the 
Dirac field charge conjugation operator, T2 is the sec- 
ond isospin Pauli matrix. Properties of these partic- 
ular forms were investigated in Refs. 0, 0|- The lo- 
cal (non-derivative) spin ^ baryon operators were clas- 
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TABLE I: The Abelian and the non-Abehan axial couphngs 
(+ sign indicates "naive", - sign "mirror" transformation 
properties) and the non- Abelian chiral mutiplets of = i, 
Lorentz representation (|, 0) nucleon fields. The field denoted 
by belongs to the [(1, i) ® (i, 1)] chiral multiplet and is the 
basic nucleon field that is mixed with various (^,0) nucleon 
fields in Eq. (0. 



case field 



gf^ SUl{2) x SUr{2) 



N1-N2 -1 +1 (i 0)0(0 i) 

N1 + N2 +3 +1 (|,o)e(o,|) 



1 

II 

III n[-N'2 +1 -1 (0,i)®(i,0) 

IV iVj+jV; ^ -3 -1 (0,1)0(1,0) 
iV3 + l7V4 +1 +1 (1,1)0(1,1) 



sified according to their Lorentz, chiral SUl{2) x 5?7_r(2) 
and C/a(1) group representations. The chiral repre- 
sentation of Eqs. (1,2) are both the so-called "naive", 
[(^,0) ® (0,^)] and characterized by the positive axial 
coupling constant. In the present fundamental represen- 
tation it is unity. Properties of the Abelian (f7A(l)) and 
non-Abelian {SUl{2) x S'[/ij(2)) chiral symmetries are 
summarized in Table [H Ref. [y, Q • Here we shall use 
those results as the theoretical input into our calcula- 
tions. This constitutes a minimal assumption, as one 
has no other guide to the chiral representations of the 
nucleon. 

If one allows for the presence of one derivative, such as 
the so-called "mirror" [(0^) ® (^,0)], whose axial cou- 
pling is negative, Ref.[J| |19j . 



N[ = €-abc{qaqb)idt_,'y^qc, 

N2 = eabc{qal^qb)id^,^^^^qc, 



(3) 
(4) 



and the [(1, ^) ® (^, 1)] nucleon chiral representation 

^3 = i9^(g7.'?)r^;275'7, (5) 



(6) 



also become available, see Table ID Here ^'^'^2 — 9^" ~ 
■ We found that indeed, as Gell-Mann and Levy Q 
had postulated, the lowest-twist (non-derivative) J= ^ 
nucleon field(s) form a (|, 0) chiral multiplet, albeit there 
are two such independent fields. 20] There is only one set 
of J= 1 Pauli-allowed sub-leading-twist (one-derivative) 
interpolating fields that form a (1,5) chiral multiplet, 
however. Here we note that the mirror and higher repre- 
sentations can also be made of multiquark (five or more) 
fields. The consideration of such multiquark components 
is also interesting, but lies beyond the scope of the present 
study. 

Let us now consider the mixing of one of the funda- 
mental chiral representations, as shown in Table [H and 
the "higher" representation (1, i) for the nucleon. The 
diagonal component of the axial coupling constant in the 



mixed state is calculated as follows [l| 



iJA mix. 



9a]» cos' 9 
9a\ cosH 
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e ^ 1.267. 



(7) 



Here the suffix a corresponds to one of I-IV and the cor- 
responding values of g'^^^ ^ are given in Table ID We have 
also used the fact that g^^^^ 1^ = |, see Ref. [HH]- Sev- 
eral comments are called for now: 1) a tacit assumption 
underlying Eq. Q is that the axial coupling(s) of the 
baryon fields do not change due to the shift from the 
Wigner-Weyl to the Nambu-Goldstone phase (and vice 
versa); 2) assumption no. 1) is related to the assumption 
that no part of the axial current is induced by deriva- 
tive interactions of the Bjorken-Nauenberg type [l3|; 3) 
although assumption no. 1) need not be a good one, we 
nevertheless retain it, following Weinberg [l|], as relaxing 
it would require new free parameters to be introduced. 

This provides a possible solution to the nucleon's axial 
coupling problem in QCD. Three-quark nucleon inter- 
polating fields in QCD have well-defined two-fold /Z4(l) 
chiral transformation properties, see Table U that can 
be used to predict the isoscalar axial coupling g'^^^^^y^ as 
follows 



fA mix. 



— 9a, c 



cos 



(8) 



together with the mixing angle 6 extracted from Eq. ([7]). 
Note, however, that due to the different non-Abelian 5^^'' 
and Abelian g^^^ axial couplings, the mixing formula Eq. 
(IHl) give substantially different predictions from one case 
to another, see Table HIl We can see in Table [H] that the 



TABLE II: The values of the baryon isoscalar axial coupling 
constant predicted from the naive mixing and S^^xpt ~ 
1.267; compare with 3^°' . = 0-33 ± 0.03 ± 0.05. 



case 




9 A mix. 


(0) 

9a mix. 


(0) 

9a mix. 


I 

II 

III 


(+1,-1) 
(+l,+3) 

(-1,+1) 


1(4 -COS 261) ±39.3° 
1(4 -cos 261) ±39.3° 
1(1 -4 COS 20) ±67.2° 
1(1 -4 cos 20) ±67.2° 


- COS 29 
2 + COS 20 
1 


-0.20 
2.20 
1.00 


IV 


(-1,-3) 


-(1 ±2 cos 20) 


0.40 



two candidates are cases I and IV, with 5^"^ = -0.2 and 
9a'' — ^^-4, respectively, the latter being within 1-a of 
the measured value g^^* = 0.33 ± 0.08. The nucleon field 
in case I is the well-known "loffe current" , which repro- 
duces the nucleon's properties in QCD lattice and sum 
rules calculations. The nucleon field in case IV is a "mir- 
ror" opposite of the orthogonal complement to the loffe 
current, an interpolating field that, to our knowledge, has 
not been used in QCD thus far. 
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A Simple Model The next step is to try and reproduce 
this phenomenological mixing starting from a model in- 
teraction, rather than per fiat. As the first step in that 
direction we must look for a dynamical source of mixing. 
One such mechanism is the simplest chirally symmetric 
non-derivative one-(cr, 7r)-meson interaction Lagrangian, 
which induces baryon masses via its a-meson coupling. 
We shall show that only the mirror fields couple to the 
(1, ^) baryon chiral multiplet by non-derivative terms; 
the naive ones require one (or odd number of) deriva- 
tive. This is interesting, as we have already pointed out 
that the mixing case IV with the mirror baryon seems a 
preferable one from the phenomenological consideration 
of axial couplings. 

We use the projection method of Ref. [ll[ to con- 
struct the chirally invariant diagonal and off-diagonal 
meson-baryon-baryon interactions involving the "mirror" 
baryon Bi G (0, i), the (^2, A) G (1, i) baryon and one 
(cr, tt) € (i, i) meson chiral multiplets. Here all baryons 
have spin 1/2, while the isospin of Bi and B2 is 1/2 and 
that of A is 3/2. The A field is then represented by 
an isovector-isospinor field A\ {i — 1,2,3). We found 
that for non-derivative mixing interaction the following 
SUl{'2) X SUii{2) chirally invariant combination 



four different parities scenarios 



-33 



Bii<y + -75T- • 7r)B2 -I- 4Bii757r'A' -1- h.c. 



with the coupling constant induces an off-diagonal 
term in the baryon mass matrix after spontaneous sym- 
metry breaking ((t)q — > /^r via its cr-meson coupling. Of 
course this is in addition to the conventional diagonal 
interactions [ill: 



C2 



-giBi {a - ij5T ■ tt) Bi, 



-,92 



B2i<y + 2*75^ ■ 7r)B2 



-2A'(ct + ij5T ■ 7r)A* 

-^B2r*(cr -I- ij5T ■ 7r)A* + h.c. 
v3 



(10) 



(11) 



In the last term of (fTTjl . the aNA interaction vanishes, 
but that form preserves chiral invariance. In writing 
down the Lagrangians (|9ll0llip . we have implicitly as- 
sumed that the parities of Bi, B2 and A are the same. In 
principle, they are arbitrary, except for the ground state 
nucleon, which must be even. For instance, if B2 has odd 
parity, the first term in the interaction Lagrangian Eq. 
© must include another 75 matrix Q . Here we consider 
all possible cases for the parities of B2 and A. 

Having established the mixing interaction Eq. ([9]), as 
well as the diagonal terms Eqs. (fTO|l and (fTT|) . we calcu- 
late the masses of the baryon states, as functions of the 
pion decay constant / chiral order parameter and the cou- 
pling constants 31,92 and g^. We diagonalize the mass 
matrix and express the mixing angle in terms of diagonal- 
ized masses. We find the following double-angle formulas 
for the mixing angles 0i,...,4 between Bi and B2 in the 



tan 26*1 
tan 26*2 
tan 26*3 
tan 204 



v/(27VH 


-A){2N* - 
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-N + N*) 
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V(27V- 


- A){2N* + 
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-N + N*) 
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f 27V)(2iV* 


+ A) 


(N 


+ iV* + A) 





(12) 
(13) 
(14) 
(15) 



where N, N* and A represent the masses of the corre- 
sponding particles. The four angles correspond to the 
four possibel parities; 6*1 : {N*~,A+), 6*2 : (iV*+,A-), 
03 : {N*~,A~) and 64 : {N*+,A+), where ± indicate 
the parity of the state. Note that the angle 6*4 is neces- 
sarily imaginary so long as the A, TV* masses are physical 
(positive), and that the reality of the mixing angle (s) im- 
poses stringent limits on the A, TV* resonance masses in 
other three cases, as well. 

In the present study we have three model parameters 
gi , g2 and 93 , which can be determined by different set of 
inputs. In the following we consider two cases. The first 
case uses three baryon masses as inputs (Direct predic- 
tion) and determine the mixing angles for the prediction 
of the axial couplings. The second case uses two baryon 
masses and the mixing angle as inputs and predicts the 
third baryon mass (Inverse prediction). 



TABLE III: The particle assignments and parities. The values 
in brackets are from PDG fl3]. 



Assignment Mass(Exp) 





P31 


(1910) 




S31 


(1620) 


N*- 


Su 


(1535) 


N*+ 


Pu 


(1440) 



Direct prediction The four lowest-lying (besides the 
Af(940)) candidate states in the PDG tables are: 
7V*(1440), 7V*(1535), A(1620) and A(1910) (Table |TlT|. 
We use them to fit the free coupling constants. Only 
two out of four scenarios (1 and 3) turn out to be vi- 
able, at least as far as the masses are concerned; the 
second and fourth scenarios predict imaginary coupling 
constants, i.e., non-Hermitian coupling "Hamiltonian" , 
due to baryon masses that do not obey the constraints 
of chiral symmetry, see Table IIVI Of the two allowed 
scenarios, however, none survive the axial coupling test 
as shown in the last three columns in Table [TVl if we use 
the gA values as listed in Table HI In this case our choice 
of input resonances, Table IIIII is inadequate. Note that 
the Lagrangians ([9l fTT|) are more general than expected 
from the structure of the three-quark fields. 

Therefore, we "invert" this procedure and use the 
isovector axial coupling to predict one of the baryon 
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masses, say the A's, having fixed the other two, in this 
case the nucleon's iV(940) and A^*(1440) or iV*(1535). 

TABLE IV: The values of the free parameters (theoretical 
coupling constants) and the mixing angle 9 extracted from 
the baryon masses in various scenarios. Note that only the 
absolute values of gs and can be extracted from this analysis. 
In the last two columns we show the axial couplings g'^^^ and 
g^^\ for the ground-state nucleon field with bare (unmixed) 
axial coupling (?*[''=-3. 





31 


92 


±53 


±e 


g^2\N) gf{N) 


(-,+) 


-3.87 


15.4 


5.64 


28.9° 


-0.38 -2.06 


( + ,-) 


16.9 


13.1 


1.54 i 


28.1i° 


-1.69 -4.04 


(-,-) 


-2.31 


-13.1 


6.06 


32.8° 


-0.22 -1.83 



Inverse prediction Next, we use the formulas Eqs. 
P^ - (fT5|l for the (double) mixing angles 6*1 ^...^4 together 
with the two observed nucleon masses to predict the A 
masses shown in the Table |Vl We see that only the 
(iV*+, A~) parity case leads to a realistic prediction. The 
difference between the observed (one-star) S'3i(2150) [l2| 
A resonance mass and the predicted 2030 and 2730 MeV 
may be neglected in view of the uncertainties and typical 
widths of states at such (high) energies. We shall not 
attach undue significance to this proximity in view of the 
rather uncertain status of this resonance, at least not un- 
til it is confirmed by another experiment. This mixing 
angle automatically leads to a reasonable ttNN coupling 
constant (12.8 vs. 13.6 expt.), due to the validity of the 
Goldberger-Treiman relation, but also predicts a set of 
as yet not measured 7r-baryon couplings, see Table IVI[ 
that can be used to test the model. 

TABLE V: The values of the A baryon masses predicted from 
the isovector axial coupling g^^\-^-^i^ = 5a cxpt ~ 1-267 and 
gA^n ^ix. = 0-4 VS. ffi°Lpt. - 0-33 ± 0.08. 

{N*^,A^') {N, N*) A (MeV) expt. 
(-,+) N(940), R(1535) 2330 1910 

(+,-) N(940), R(1440) 2030,2730 1620,2150 

(-,-) N(940), R(1535) 1140 1620,2150 



TABLE VI: The values of the physical 7r-baryon and axial 
coupling constants predicted in the only physically viable sce- 
nario II(+,-), i.e. with iV* = i?(1440) and A(2150). Here 
gA^xpt. = 1-267 and gi"^^^,, = 0.4. 

(P, P ) g-KNN QirRR g-KNR QtvNA girRA QtvAA 

{+,-) 12.8 -9.3 -12.2 1.10 7.29 -21.8 



A comment about the comparatively high value of the 
A mass seems to be in order now: In the mid-1960-s 



Hara ^is'l noticed that the chiral transformation rules for 
a (1, ^) multiplet impose a strict and seemingly improb- 
able mass relation among its two members: — 2mN- 
The mixing with the (^,0) multiplet modifies this mass 
relation for the worse, i.e. it makes the A even heav- 
ier. For this reason, the lowest-lying A cannot be a chi- 
ral partner of the lowest-lying nucleon field, whereas, in 
A(2150) we seem to have found a reasonable candidate 
for the Af(940)'s chiral partner. 

Three-field mixing In a more realistic analysis, we may 
consider mixings of various independent fields, for exam- 
ple, five fields as shown in Table |T1 This, however, means 
that there are 5 x 4/2 = 10 angles that parametrize a 
5x5 real, orthogonal 0(5) matrix. Manifestly, such a 
proliferation of free parameters allows a much greater 
freedom in fitting the data, but also allows appearance 
of ambiguities with the present day paucity of data. For 
this reason we shall confine ourselves to mixing (only) 
one component at a time. 

Manifestly, a linear superposition of yet another field 
(except for the mixture of cases II and III in Table IJ) 
ought to give a fit to both experimental values. Such an 
admixture of the three fields of chiral representations I, 
IV and of Table [J introduces new free parameters (be- 
sides the two already introduced mixing angles, e.g. 0i 
and 04, we have the relative/mutual mixing angle 614, as 
the two nucleon fields I and IV may also mix) . One may 
subsume the sum and the difference of the two angles 
9i and 64 into the new angle 9, whereas one may define 
^14 = V (this relationship depends on the precise defini- 
tion of the mixing angles 9i, 9 4 and ^14); thus we find 
two equations with two unknowns of the general form: 

^ siT?9 + cos^9 (g'x'^cos^ip + .g^^^'sin^) = 1-267 (16) 
sm^9 + 003^9 (5^°^cos2(^ -t- .g^"^' sinV) = 0.33 (17) 

The values of the mixing angles obtained from this sim- 
ple fit to the two baryon axial coupling constants are 
shown in Table IVTIl This, however, is not just a mere fit: 
when extending to the SUl{5) x SUni'i) symmetry, chiral 
transformation properties of the nucleon fields differ in 
the values of their (bare) F and D coefficients: Ni — N2 € 
[(3,3)0(3,3)] hasD = 1,7V = 0, TViH-TVa & [(8, 1)® (1, 8)] 
has Z? = 0, iV = 1, and (iVg + ^N'^) e [(6, 3) (3, 6)] has 
D^l,N =1 [14. From these chiral S'C/l(3) x SUr{3) 
symmetry assignments we can independently "predict" 
the physical (mixed) F and D couplings in Table IVIIi 
which can be compared with the experimental values. 
We have not calculated the S'J7f(3) symmetry breaking 
corrections, as yet, so we could not take into account 
the "error bars" on the mixing angle(s), which remains a 
task for the future. At any rate, it should be clear that 
the predicted values are "in the right ball park" . Thus, 
the chiral multiplet mixing remains a viable theoretical 
scenario for the explanation of the nucleon properties in- 
cluding isoscalar axial couplings. 

Summary, Comments We have shown that one can 
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TABLE VII: The values of the mixing angles obtained from 
the fit to the baryon axial coupling constants and the pre- 
dicted values of axial F and D couplings. Experimental values 
have evolved from F=0.459 ± 0.008 and D=0.798 ± 0.008 in 
Ref. [il. 



case 


yA cxpt. 


(0) 
9a cxpt. 


e 


<P 


F 


D 


I-II 


1.267 


0.33 


39.3° 


26.6° 


0.399 


0.868 


I-III 


1.267 


0.33 


50.7° 


23.9° 


0.399 


0.868 


I-IV 


1.267 


0.33 


63.2° 


53.9° 


0.399 


0.868 



reproduce, within 1-cr uncertainty, the (unexpectedly 
small) isoscalar axial coupling of the nucleon by mix- 
ing (only) two (out of five independent) nucleon interpo- 
lating fields [21] by fitting the isovector- axial coupling. 
This solution to the nucleon spin problem does not in- 
voke exotica such as a) polarized strange sea quarks; or 
b) polarized gluon components in the nucleon wave func- 
tion, in agreement with recent results of the COMPASS 
experiment (l6j.[l7|. This scenario is quantitatively re- 



produced in a simple dynamical model which then pre- 
dicts the existence of the £"31 resonance at 2160 MeV, in 
agreement with the PDG tables By mixing three 

nucleon interpolating field chiral multiplcts one may si- 
multaneously fit both the isovector and the isoscalar ax- 
ial couplings and predict the SU(3) F and D couplings, 
which have the correct size within the expected 0(20%) 
SU(3) symmetry breaking corrections. 

This work was inspired by Weinberg's early work, from 
which it diff'ers in several significant ways: 1) the ad- 
mixed nucleon fields have been explicitly written out in 
terms of three-quark interpolators of QCD; 2) their chi- 
ral properties were extracted from the interpolators; 3) 
as a consequence of point 2) some unexpected U^(l) and 
SU(3) properties were obtained and then used to calcu- 
late the fiavor-singlet and the F and D fiavor-octet axial 
couplings; 4) the mixing angle as a function of the baryon 
masses is based on a simple chiral interaction of baryons 
and spinlcss mesons; 5) only J = i A and nucleon reso- 
nances were used. 
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